In this paper, three copula GARCH models i.e. Gaussian, Student-t, and Clayton are used to estimate and test the tail dependence measured by Kendall's tau between six stock indices.
Introduction
It is noted that the traditional measure of correlation is often used to measure the linear comovement between the factors of risk. It lacks to describe the multivariate distribution between underlying assets. Also, the multivariate normal distribution only limits to a linear approach to describe the multivariate distribution and it cannot specify the multivariate dependence i.e. the structural dependence of marginal distribution either. To overcome the drawback of the linear multi-normal method, a new structural dependence called copula is used recently to describe the multivariate distribution and structural dependence in many financial respects including credit risk of bond portfolios, default risk of mortgages, and contagion risk of financial markets.
The multi-dimensional distribution is constructed by simply combing individual marginal distributions and one proper copula according to Sklar's theorem (1959) . As a consequence, the structural tail dependence can be estimated accordingly. In fact, the conditional tail dependence between global stock markets are essential to analyze the contagion risk, this paper hence develops a copula GARCH model to study the conditional structural tail dependence and a threshold regression to test its significance. The conditional tail dependence would expose to what extent a large shock of one stock market affects another one in certain context particularly when stock markets crash together.
The remainder of the paper proceeds as follows. In section two, the documents of risk related models are organized and discussed. In section three, the data sample, copula GARCH model, and tests of tail dependence are described in detail. In section four, the copula GARCH is estimated using moving windows technique to compute series of dynamic conditional correlations and Kendall's taus. Then, the tests of Kendall's taus are performed by threshold regression. The final section concludes the important remarks.
Literature Review
The contagion risk is studied by not only structural correlation but structural tail dependence among multivariate random processes. As shown by Embrechts et al. (2001) , the Pearson correlation is too restricted to describe the linear co-movements of two random processes. However, the copulas (e.g. Joe 1997 , Nelson 1999 have the advantages to measure the conditional time-varying concordance and tail dependence and thus have been widely and successfully used to study the contagion risk.
It is noticed that the skewness Student-t but not the linear Gaussian copula can measure tail dependence. However, the stock returns drop more than rise in the size of movements (Ang and Chen, 2002) while the correlation of stock returns is generally higher in a high volatility than in a low volatility state (Ang and Bekaert, 1999) . This phenomenon is called asymmetric effect that cannot be caught by symmetric elliptical copulas such as Gaussian and Student-t copulas. Thus, the Archimedean copulas including Clayton (1978) , Frank (1979) and Gumbel (1960) copulas are considered to be more plausible to model the asymmetric tail dependence.
The empirical evidences reported that the properties of time-varying volatility of stock returns including volatility asymmetry, clustering, persistence, and leptokurtosis exist in stock returns. To catch the conditional heteroskedasticity volatility, the ARCH model was developed by Engle (1982) and extended by Bollerslev (1986) to create the GARCH model. To date, several GARCH type models were proposed to capture the volatility asymmetry such as the exponential GARCH (EGARCH) model by Nelson (1991) , the asymmetric GARCH (AGARCH) by Engle and Ng (1993) , the GJR-GARCH by Glosten et al. (1993) , the power ARCH by Ding et al. (1993) etc.
For the conditional variances and covariances model of multivariate assets, multivariate GARCH (MGARCH) has been used in Bollerslev, Engle, and Wooldridge (1988) , Ng (1991) , and Hansson and Hordahl (1998) . It was applied to explain the spillover effects of contagion in Tse and Tsui (2002) and Bae (2003) et al. An alternative of MGARCH is the use of copula GARCH proposed by Patton (2001) and Jondeau and Rockinger (2002) . Later, Jondeau and Rockinger (2006) , Patton (2006) , and Hu (2006) applied different copulas in GARCH model to study the tail dependence between financial markets.
Data and Methodology
In this paper, a copula GARCH framework is proposed. It combines both advantages of the GJR GARCH and the fit copula to study the multivariate distribution, tail dependence, and concordance for the contagion risks of Taiex and Kospi vs. other major stock price indices.
Expectedly, GJR GARCH incorporating suitable copula can reveal volatility, correlation, fat tail between stock indices when stock markets crash together.
Data
Taiwan and South Korea both have export-oriented markets and get more open as well as competitive to global markets. They have the similar industrial structure focusing on consumer electronics production. To date, the stock markets of Taiwan and South Korea are strong correlated with those of US, Japan, China, and Europe. Thus, the six indices of Taiex, Kospi, S&P500, Nikkei, MSCI all China index 2 , and MSCI Europe Index 3 are considered in analyzing the contagion risk regarding Taiwanese as well as South Korean stock markets.
The vector autoregression model
Since the correlation exists between the returns of the five stock price indices, the vector autoregression (VAR) is used to catch the first order effect of return process. The return of stock price index at time t is written as 1 ln( / )   tt t rP P and the vector autoregression of the five stock returns denoted by r t at time t is written in standard form with p lags as
where t ε is the vector of error terms at time t which has the properties of conditional timevarying volatility.  that has a time-varying volatility process. According to Engle (1983) , the multiplicative
where 1  t F is filtration at time t-1 and 1 |( 0 , 1 ) tt FN   . Thus, the general autoregression conditional heteroscedastic GARCH(p,q) model is written as
However, the empirical t h might have leverage effect or volatility asymmetry (i.e. bad news has a higher impact on stock prices than good news). Therefore, two asymmetric effect adjusted methods are provided as follows:
(1) GJR GARCH
The GJR model (Glosten, Jagannathan, and Runkle, 1993) uses an indicator of negative returns to capture the leverage effect between negative stock price changes and volatility. Thus, the conditional heteroscedastic GARCH equation is rewritten as
where
(2) Student-t GARCH On the other hand, the asymmetric effect also exhibits fat-tail property. Thus, the residual t  in Equation (2) is considered to follow a t distribution as
where is the degree of freedom. The t distribution is used to catch the skewness effect and build a likelihood function.
Copula GARCH framework
For a single stock price index, the previous section has described how to model the adjusted GARCH model considering nonlinear effects such as fat tail or skewness. For bivariate stock price indices such as Taiex against S&P500 or Taiex against MSCI China etc., the copulas are used to obtain the structural dependence between each marginal distribution of stock price index described previously.
Bivariate distribution and copulas
The copulas introduced by Nelson (1999) and applied by Patton (2006) can decompose a multi-dimension distribution into a few marginal distributions and a structural dependence, i.e. copula. According to (Sklar, 1959) 
where U is a standard uniform random variable. 
where u means a number in random variable U, can be considered as a skewed t-distribution in Equation (5).
Therefore, it is apprentice that the joint probability function of multivariable can be separated into the product of a structural dependence i.e. copula and a few of marginal probability functions. Since the marginal probability functions bare no information at all about dependence between variables, the structural dependence between variables definitely embeds in the copula. That's why copula is described as structural dependence.
Elliptical and Archimedean copulas
There are several candidate copulas common used in modeling. The elliptical copulas including Gaussian and Student-t copulas have linear correlation and symmetric shape in copula 
where ρ is the Pearson correlation that expresses a linear correlation between random variable x and y, and  expresses a cumulative univariate standard normal distribution. Similarly, the distribution function of Student-t copula denoted by St C is given by 11 12
where 1 t v  is the inverse univariate t distribution and v is its degree of freedom.
The Archimedean copulas are typically nonlinear including Clayton, Frank and Gumbel.
The Gumbel copula features intensive density to the right tail (rising together), and the Frank copula features symmetry without skewness. Whereas, the Clayton copula features intensive density to the left tail (dropping together) and it is lower tail dependent and upper tail independent. Hence, the Clayton copula is much more applicable in analyzing tail behavior for contagion risk. In this paper it is applied and written as
Maximum likelihood estimation of copula GARCH
The maximum likelihood estimation (MLE) is adopted to estimate the parameters contained in each marginal function () i f  as in Equation (5) and the copula function ()   c as in Equation (7) 
where  is equal to 12
[, ] '
 
and T denotes the sample size i.e. the number of observations.
For the ith series GARCH GJR model, its parameter vector are [, , , ] ii
The detailed log likelihood of Gaussian, Student-t, and Clayton are given in Appendix A.
To estimate the dynamic covariance t Q and correlation t R between series, the dynamic conditional correlation (DCC) approach of Engle (2002) is applied in the paper as
where Q is the sample variance covariance of ε t , t Q  is the square root of t Q with zero offdiagonal elements. Thus, for a two series Clayton GARCH model, the copula parameter vector
To maximize Equation (11), it is complicated to solve out an analytic solution. Thus, an appropriate numerical method such as a two-stage procedure is used as follows.
Next, ˆi  is used to solve for  . So Equation (11) is rewritten as 2 1, 2, 1 , 1 11 1 arg max L( , )= l n(, ,| ;) + l n(,| ) .
Then, the two-stage procedure is iteratedly to solve for optimal ˆi  and  . This method is proved to be useful in Patton (2001) . Given the estimation of MLE, the tail dependence can be measured consequently.
Measurement of the tail dependence using Kendall's tau
Several measures of asymmetric dependence can be used for analyzing contagion risk such as tail dependence and exceedance correlation. The advanced studies can be found in Longin and Solnik (2001) and Ang and Chen (2002) .
Unlike the simple correlation estimating the linear co-moment of two random variables, the Kendall's tau denoted by   measures the dependence between two random variables as
where 11 (,) XY and 22 (,) XY are two pairs of independent and equally distributed random variables and sign is a sign function.
In this context, the residual series , it  for i=1,2 as in Equation (2) is equivalent to X and Y random variables. The Kendall's tau   for , it  is given by Schweizer and Wolff (1981) piecewise autoregression to approximate the nonlinear process of financial series.
Suppose that it
 denotes the ith series of six stock price indices at time t and its threshold variable is td j    for 1, 2,..., 1 j l  ( j  is the set of jth state and l is the number of states). Then, the jth threshold autoregression equation is expressed as
where k is the order of autoregression, d is the lag of threshold (d≦k). 11 ,..., l LL  are the threshold values that divide , it  into l states of equations as the Equation (18) With entire period, the data description of daily returns for six indices are reported in Table   2 . It is clear that most stock price indices exhibit left-skewness and high peakness and the linear tests of Jarqe-Beta are rejected according to Nevertheless, they suffer contagion risk undoubtedly due to US financial crises.
VAR and Granger Causality Tests between Six Indices
To investigate the relationships among the six indices, we perform the vector autoregression (VAR) as in Equation (1) and Granger causality between indices. Before doing so, the lag length used for VAR is decided according to Doan (2005) who computes LR test between the shorter i.e. restricted lag length VAR model and longer i.e. unrestricted VAR models with penalty for the number of regressors. As presented in Table 3 panel A, the optimal lag length of VAR model would be 8 and 1
according to AIC and SBC respectively. Considering the swift changes of stock price indices, the optimal lag length is selected as 1 to keep model parsimonious. In  that is a upward slope arcsin function between 0 and 1. Figure 2 shows the same phenomenon for Kospi. Note: The degree of freedom v of t distribution is estimated in stage 1 and the degree of freedom v c of Student-t is estimated in stage 2. Greek debt crisis is set as 12/01/2009~03/01/2011. Since the copula GARCH evidences that fail tail and asymmetric effected are strong significant in six indices, the threshold test is used to test Kendall's taus of Student-t and Clayton copula regardless of Gaussian copula to investigate if there exists significant two states of tail dependence and one threshold value. 
Conclusions
Using copula GJR GARCH with t distribution, the fat tail and asymmetric effects are evidenced in Taiex, Kospi, S&P500, Nikkei, MSCI China, and MSCI Europe totaling six indices. Therefore, in practice Gaussian copula indeed should be replaced by Student-t copula.
The tail dependence of the six indices is measured by Kendall' tau using either multivariate copula such as Gaussian and Student-t or bivariate copula such as Clayton. ( (u ) ,..., (u ))   ε ttp t  that is the vector of the transformed standardized residuals and R is the correlation matrix of ε t and p is the number of residual series.
(2)The Log likelihood of Student-t copula where v is the degree of freedom. 20 (3)The Log likelihood of Clayton copula 
